Abstract. Generalizing results due to Brady and Farb (1998) we prove the existence of bilipschitz embedded manifolds of negative sectional curvature in Riemannian products of certain types of warped products.
Introduction
In [BrFa] 
with constants α, β ∈ R + , α > 1. It turns out that a variation of their method of proof yields the existence of Riemannian submanifolds (Y, g Y ) of negative sectional curvature within a wide class of Riemannian products (X, g X ) = M 1 × M 2 × ... × M k of warped products M i . It will be shown that in certain cases those submanifolds Y are embedded, such that the Riemannian distance functions d X on X and d Y on Y are Lipschitz related. More precisely there exists a 1 < α ∈ R + , such that
In order for the canonical embedding (Y, g Y ) that we are going to consider be of negative sectional curvature, there are certain conditions on the base space (B, g B ), the fibres (F i , g Fi ), as well as the warping functions f i that have to be satisfied. To be precise, the following holds. 
and
Riemannian manifold with negative sectional curvature.
Furthermore, in the case that the warping functions f i are all the same, (Y, g Y ) turns out to be bilipschitz embedded in (X, g X ).
Theorem 2. For (X, g X ) and (Y, g Y ) as above with
Proofs of the theorems
We are going to denote the various canonical projections as follows: 
Another standard calculation gives 
where K B and K F denote the sectional curvatures on B and F and the norm is defined by ||c ∧ d||
Note that the particular form of equation (2) is chosen most appropriately for our purposes. The terms that are not defined for particular choices ofx,ỹ,ṽ andw vanish in those cases. (2) and equations (9) and (10) 
From equations (2), (8), (9) and (10) we further conclude: 
whereB denotes the Riemannian manifold (B, kg B ) and F j is short for (F j , g Fj ), j = 1, ..., k.
For any f j one has
In order to see this let Z 1 =X +Ṽ 1 be a vector of unit length in (Y 1 , g 1 Y ) and calculate
-length. The same calculation as in (4) shows that
It is obvious that the required inequality (3) follows by applying this argument successively to the (Y l , g l Y ), l = 3, ..., k. Now apply equation (2) to the warped products (Y j , g j Y ) and notice that one has
where the first inequality is due to equations (3), (5), (8) and (9). The corollary follows by applying the same arguments successively to the warped products
Arguments analogous to those above finally yield a proof for
and assume that
Proof of Theorem 2.
Proof. 1) The inequality i) holds trivially, since (Y, g Y ) is a Riemannian submanifold of (X, g X ).
2) In order to show the second inequality consider an arbitrary differentiable curve c : [t p , t q ] −→ X connecting i(p) ∈ X with i(q) ∈ X. The idea is now to construct a curvec :
Therefore we consider the projections c j :
be a parameter such that the warping function f takes its minimum in K at (π j0 • c j0 )(b) for some index j 0 ∈ {1, 2, ..., k} (compare Figure 1) . The continuous and piecewise differentiable curve γ in Y that we are going to follow from p to q consists of three differentiable segments v 1 , λ, and v 2 as follows:
• λ is the curve keeping its projection to the base constant:
The length of γ := v 2 * λ * v 1 is the sum
where
Again with (1) and the particular choice of b it is
Thus with (6) and (7) we can conclude that for an arbitrary curve c in X connecting two points i(p), i(q) ∈ i(Y ) ⊂ X there exists a curve γ in Y connecting p and q with
Thus the required result follows by the definition of the Riemannian length functions.
Considering different warping functions f i on B, the proof above fails in general. However, taking the f i to be Lipschitz related to each other, the same result may be achieved. A more interesting further generalization is obtained if one takes the base B to be the set of real numbers R. If the f i are all monotonous increasing (decreasing respectively) d X and d Y once again turn out to be Lipschitz related.
Finally note that the embeddings Y considered above are not quasiconvex in X in general. If one of the factors F i of M i does not lie quasiconvex in M i , then it is easy to see that Y is not quasiconvex in X either. For the cases of products of hyperbolic spaces, see [BrFa] .
